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中文摘要
电磁场本征值问题求解是计算电磁学的一个重要部分。本文的主要工作是研究电
磁场本征值问题的快速高效数值方法。依照基函数选取不同分为两部分内容。第一部
分研究了高精度混合谱元法，第二部分发展了混合有限元法，提出可质量矩阵对角化
混合有限元法及传输阻抗边界混合有限元法。第一部分具体包括以下两方面工作：
一、运用 Kikuchi 混合变分格式耦合高斯定律提出了混合谱元法，用于求解二维
及三维非均匀介质、耗散介质、及各向异性介质的电磁场本征值问题。该方法使用
Gauss-Lobatto-Legendre (GLL) 多项式构造切向相容的矢量基函数及全连续的标量基函
数分别近似电场场量及拉格朗日乘子辅助函数。给出二维混合谱元法严格的数学收敛
性分析。数值结果表明混合谱元新算法不仅保持数值解的谱收敛性，而且可以彻底消
除本征值问题的所有伪解。
二、对于 2.5-D 波导问题，发展了基于亥姆霍兹方程的切向分量与高斯定律新变
分形式下的混合谱元法。且由于使用 GLL 多项式构造的基函数产生对角质量矩阵，使
得最终只需求解仅含有电场切向分量自由度的特征值问题，加快了波导模式分析求解
速度。在损耗介质、各向异性介质波导结构及 PML 截断的开波导仿真数值结果表明新
方法不但保持谱精度，而且具有很高的计算效率。
表面等离激元 (SPP) 因为能够突破衍射极限，被认为是最有可能实现下一代集成
光学回路的器件之一。而表面等离激元光波导具备亚波长束缚的能力，成为近几年微
纳光波导的研究热点。为了实现表面等离激元波导的快速模式分析计算，我们分别发
展了可质量矩阵对角化混合有限元法及传输阻抗边界混合有限元法，具体内容为：
一、可质量矩阵对角化混合有限元法由亥姆霍兹方程的切向分量及高斯定律组成，
运用改进的二阶结点基函数得到对角质量矩阵，使得离散的广义本征值问题简化为一
个更小规模的线性特征值问题。大量波导算例验证了方法的有效性，得到计算效率远
优于传统混合有限元法的数值结果。
二、针对石墨烯等离激元波导，只有一个单原子层厚度石墨烯薄片需要密集网格
离散、花费大量的 CPU 计算时间和内存消耗，我们提出传输阻抗边界混合有限元法，
该方法通过引入等价边界条件来替代二维石墨烯材料，极大的减少了本征值问题求解
的自由度。石墨烯等离激元波导数值结果表明新方法可以保持有限元的精确，在 CPU
计算时间和内存消耗上有很大的优势。
关键词：电磁场本征值问题，伪解，混合谱元法，混合有限元法，表面等离激元波导
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Abstract
The Maxwell’s eigenvalue problem is an important part of computational electro-
magnetics. The main work of the research report is to investigate the fast and efficient
numerical methods for the Maxwell’s eigenvalue problem. In terms of the differences in
basis functions the work consists of the two part. The first part is about the higher-order
mixed spectral element method, and the second part is the mixed finite element method
including the mass-lumping mixed finite element method and the mixed finite element
method with the impedance transmission boundary condition. The first part contains the
following two issues:
1. We propose the mixed spectral element method by employing the Kikuchi’s mixed
weak form which includes the divergence-free condition given by Gauss’ law to solve the
two dimensional and three dimensional vector Maxwell’s eigenvalue problem with inho-
mogeneous, lossy isotropic, and anisotropic media. It utilizes Gauss-Lobatto-Legendre
(GLL) polynomials to construct the vector curl-conforming basis functions for the elec-
tric field and the completely continuous nodal basis functions for the auxiliary variable.
A rigorous analysis of the convergence of the mixed SEM for the two dimensional problem
is presented, based on the higher order edge element interpolation error estimates, which
fully confirms the robustness of our method. numerical examples are given to verify that
the mixed SEM is free of any spurious eigenmodes and has spectral accuracy with analytic
eigenvectors.
2. For the 2.5-D waveguide problem, we develop the mixed spectral element method
based on the tangential part of Helmholtz equation and the Gauss’ law. Note that the
mass-lumping technique can be performed when the Gaussian quadrature is used to ob-
tain the mass matrix for the longitudinal part. Thus, only a smaller scale eigenvalue
problem needs to be solved for the unknowns associated with the transversal components
of the electric field, and the smaller eigenvalue equation speeds up the computation. Sev-
eral numerical examples with lossy, anisotropic media and PML are given to verify that
the mixed SEM has the spectral accuracy with the propagation constant and the high
computational efficiency.
Due to its beyond diffraction limit, surface plasmon polariton (SPP) is thought to
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Abstract
be most likely to achieve one of the next generation of integrated optical circuit device.
Since the capability of subwavelength bound of the SPP waveguides, they have become
the focus in the micro-nano optical waveguide in recent years. In order to efficiently and
accurately analyze the optical response of plasmons, we propose the mixed finite-element
method with mass lumping and the mixed finite element method with the impedance
transmission boundary condition for graphene plasmonic waveguides. The contents of the
second part are:
1. The mixed finite-element method with mass lumping is based on the tangen-
tial part of Helmholtz equation and the Gauss’ law, and employ the modified nodal-based
scalar basis functions for the longitudinal component. The smaller scale generalized eigen-
value problem is obtained by employing the mass lumping technique. Numerical examples
verify that the mixed finite-element method with mass lumping has the higher efficiency
than the conventional mixed finite element method.
2. For the graphene plasmonic waveguides problem, an extremely fine mesh as well as
high costs of CPU time and memory are needed for the one-atom thickness of the graphene
sheets. We propose the mixed finite element method with the impedance transmission
boundary condition for graphene plasmonic waveguides, the graphene sheet is replaced
by a one-dimensional line for efficient calculation. Numerical results on some designed
graphene-based waveguides clearly demonstrate that the proposed method can keep the
FEM accuracy but with less computational costs.
Key words: Maxwell’s eigenvalue problem; spurious mode; mixed spectral element
method; mixed finite element method; graphene plasmonic waveguide
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